Introduction {#Sec1}
============

Polymer macromolecules of complex branched structure attract considerable attention both from academical^[@CR1],[@CR2]^ and applied^[@CR3],[@CR4]^ perspective, being encountered as building blocks of materials like synthetic and biological gels^[@CR5]^, thermoplastics^[@CR6]^, melts and elastomers^[@CR7],[@CR8]^. High functionality of polymers provides novel properties with applications in diverse fields like drug delivery^[@CR9]^, tissue engineering^[@CR10]^, super-soft materials^[@CR11]^, and antibacterial surfaces^[@CR12]^ etc. On the other hand, multiple loop formation in macromolecules is often encountered and plays an important role in biological processes such as stabilization of globular proteins^[@CR13]^ or transcriptional regularization of genes^[@CR14]^. In this concern, it is of fundamental interests to study conformational properties of complex polymer architectures.

In statistical description of polymers, a considerable attention is paid to the universal quantities describing equilibrium size and shape of typical conformation adapted by individual macromolecule in a solvent^[@CR15],[@CR16]^. In particular, many physical properties are manifestations of the underlaying polymer conformation, including the hydrodynamic properties of polymer fluids^[@CR17]^, the folding dynamics and catalytic activity of proteins^[@CR18]^ etc. As a size measure of a single macromolecule one usually considers the mean square radius of gyration $\documentclass[12pt]{minimal}
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                \begin{document}$$R_g^2$$\end{document}$, which is directly measurable in static scattering experiments^[@CR19],[@CR20]^. Denoting coordinates of the monomers along the polymer chain by $\documentclass[12pt]{minimal}
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                \begin{document}$$n = 1, \ldots ,N$$\end{document}$, this quantity is defined as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle R_g^2 \rangle = \frac{1}{2N^2} \sum _{n, m}\langle (\vec {r}_n-\vec {r}_m)^2 \rangle , \end{aligned}$$\end{document}$$and is thus given by a trace of gyration tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {Q}$$\end{document}$^[@CR21]^. Here and below, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle (\ldots ) \rangle $$\end{document}$ denotes ensemble average over possible polymer conformations. Another important quantity that characterizes the size of a polymer coil is hydrodynamic radius $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_H$$\end{document}$, which is directly obtained in dynamic light scattering experiments^[@CR22]--[@CR24]^. This quantity was introduced based on the following motivation^[@CR25]^. According to the Stokes--Einstein equation, the diffusion coefficient *D* of a spherical particle of radius $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta $$\end{document}$ at temperature *T* is given by:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D=\frac{k_BT}{6\pi \eta R_s} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$k_B$$\end{document}$ is Boltzmann constant. In order to generalize the above relation for the case of molecules of more complex shape, their center-of-mass diffusion coefficient *D* is given by Eq. ([2](#Equ2){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_s$$\end{document}$ replaced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_H$$\end{document}$. The latter is given as the average of the reciprocal distances between all pairs of monomers^[@CR26]^:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle R_H^{-1} \rangle = \frac{1}{N^2} \sum _{n, m} \left\langle \frac{1}{ |\vec {r}_n-\vec {r}_m|} \right\rangle . \end{aligned}$$\end{document}$$Namely, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_H$$\end{document}$ is related with the averaged components of the Oseen tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{H}_{nm}$$\end{document}$ characterizing the hydrodynamic interactions between monomers *n* and *m*^[@CR27]^. To compare $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$R^{-1}_H$$\end{document}$, it is convenient to introduce the universal size ratio$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho =\sqrt{ R_g^2} / R_H , \end{aligned}$$\end{document}$$which does not depend on any details of chemical microstructure and is governed by polymer architecture. In the present paper we restrict our consideration to the ideal (Gaussian) polymers, i.e. monomers have no excluded volume. This to a certain extent corresponds to the behavior of flexible polymers in the so-called $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$-solvents. Note that our theoretical approach is not capable to correctly capture structural properties of more rigid branched polymers like dendrimers or molecular bottlebrushes. The intrinsic rigidity of these macromolecules is controlled by steric repulsions between connected branches or grafts. This approach allows to obtain the exact analytical results for the set of universal quantities characterizing conformational properties of macromolecules. In particular, for a linear Gaussian polymer chain the exact analytical result for the ratio ([4](#Equ4){ref-type=""}) in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d=3$$\end{document}$ dimensions reads^[@CR28]--[@CR30]^:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho _{\mathrm{chain}}= \frac{8}{3\sqrt{\pi }}\approx 1.5045. \end{aligned}$$\end{document}$$The universal ratio of a Gaussian ring polymer was calculated in Refs. ^[@CR29],[@CR31],[@CR32]^ and is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho _{\mathrm{ring}} = \frac{\sqrt{2\pi }}{2}\approx 1.2533. \end{aligned}$$\end{document}$$The validity of theoretically derived ratios $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{\mathrm{ring}}$$\end{document}$ was confirmed in several simulation studies ^[@CR30],[@CR32],[@CR33]^.Figure 1Schematic presentation of rosette polymer topology comprised $\documentclass[12pt]{minimal}
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                \begin{document}$$f^c=8$$\end{document}$ linear chains (red) grafted to a central core (black).Table 1Literature data for the universal size ratio for different polymer topologies, derived using analytical theory $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{\mathrm{sim}}$$\end{document}$. The theoretical values for tadpol and double ring architectures were calculated on the basis of our general analytical result, cf. Eq. ([28](#Equ28){ref-type=""}).Topology$\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{\mathrm{sim}}$$\end{document}$Chain101.5045 Eq. ([5](#Equ5){ref-type=""})$\documentclass[12pt]{minimal}
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                \begin{document}$$1.5045\pm 0.0005$$\end{document}$^[@CR33]^Ring011.253 Eq. ([6](#Equ6){ref-type=""})$\documentclass[12pt]{minimal}
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                \begin{document}$$1.253\pm 0.013$$\end{document}$^[@CR32]^Star301.40 Eq. ([7](#Equ7){ref-type=""})1.11^[@CR35]^Star401.33 Eq. ([7](#Equ7){ref-type=""})1.04^[@CR35]^Tadpol111.415 Eq. ([29](#Equ29){ref-type=""})$\documentclass[12pt]{minimal}
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                \begin{document}$$1.380\pm 0.021$$\end{document}$^[@CR32]^Double ring021.217 Eq. ([30](#Equ30){ref-type=""})$\documentclass[12pt]{minimal}
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                \begin{document}$$1.215\pm 0.011$$\end{document}$^[@CR32]^

The distinct example of branched macromolecule is the so-called rosette polymer^[@CR34]^, containing $\documentclass[12pt]{minimal}
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                \begin{document}$$f^r$$\end{document}$ closed loops (rings), radiating from the same branching point (see Fig. [1](#Fig1){ref-type="fig"}). Note that for $\documentclass[12pt]{minimal}
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                \begin{document}$$f^r=0$$\end{document}$ one restores architecture of a star polymer with $\documentclass[12pt]{minimal}
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                \begin{document}$$f^c$$\end{document}$ functionalized linear chains radiating from a central core, for which an exact analytical result is known for the size ratio (Ref.^[@CR26]^):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho _{\mathrm{star}}=\frac{8\sqrt{f(3f^c-2)}}{3(f^c)^2\sqrt{\pi }}(\sqrt{2}-1)(\sqrt{2}+f^c). \end{aligned}$$\end{document}$$The estimates for $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{\mathrm{star}}$$\end{document}$ have been also obtained by numerical Monte-Carlo simulations^[@CR35]^. Using molecular dynamics (MD) simulations, Uehara and Deguchi derived the universal size ratios for macromolecules such as single ring ($\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{\mathrm{sim}}$$\end{document}$ investigations are listed in Table [1](#Tab1){ref-type="table"}. Note large discrepancy between previous numerical study of star polymers^[@CR35]^ and the theoretical result of Eq. ([7](#Equ7){ref-type=""}). This significant difference between theory and simulations is due to too short chains that were used in Ref. ^[@CR35]^ with maximum degree of polymerization $\documentclass[12pt]{minimal}
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                \begin{document}$$N=150$$\end{document}$. As it will be shown the finite-size effect of polymer chains strongly affects measured value of $\documentclass[12pt]{minimal}
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The aim of the present work is to extend the previous analysis of rosette-like polymers^[@CR34]^, by thoroughly studying their universal size characteristics. For this purpose we apply the analytical theory, based on path-integration method, and extensive numerical molecular dynamics simulations. The layout of the paper is as follows. In the next section, we introduce the continuous chain model and provide the details of analytical calculation of the universal size ratios $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ for various polymer architectures applying path integration method. In Sect. [3](#Sec5){ref-type="sec"} we describe the numerical model and details of MD simulations. In the same section we present numerical results and compare them with our theoretical predictions. We draw conclusions and remarks in Sect. [4](#Sec8){ref-type="sec"}.

Analytical approach {#Sec2}
===================

The model {#Sec3}
---------

Within the frame of continuous chain model^[@CR36]^, a single Gaussian polymer chain of length *L* is represented as a path $\documentclass[12pt]{minimal}
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                \begin{document}$$f^r$$\end{document}$ closed rings (see Fig. [1](#Fig1){ref-type="fig"}). In the following, let us use notation $\documentclass[12pt]{minimal}
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                \begin{document}$$f^c+f^r$$\end{document}$ trajectories start at the same point (central core), and the second $\documentclass[12pt]{minimal}
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Calculation of hydrodynamic radius and universal size ratio {#Sec4}
-----------------------------------------------------------

The crucial point in the calculation of the hydrodynamic radius is utilization of the following equality^[@CR37]^:$$\documentclass[12pt]{minimal}
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To make these rules more clear, let us start with diagram (1), corresponding to the case when both points $\documentclass[12pt]{minimal}
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Numerical approach {#Sec5}
==================

The method {#Sec6}
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Results {#Sec7}
-------
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In Fig. [4](#Fig4){ref-type="fig"} we display the results of our MD simulations for two "benchmark" systems which are Gaussian linear chain (red circles) and Gaussian ring (blue circles). For both architectures systematic increase in the size ratio is observed with increasing value of *N*. In the asymptotic limit $\documentclass[12pt]{minimal}
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Conclusions {#Sec8}
===========

We have studied by combination of analytical theory and molecular dynamics simulations conformational properties of rosette polymers which are complex macromolecules consisting of $\documentclass[12pt]{minimal}
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